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BALLISTIC RESEARCH LABORATORIES

TECHNICAL NOTE NO. 746

JDNicolaides/mer
Aberdeen Proving Ground, Md.
October 1952

VARIATION OF THE AERODYNAMIC FORCE AND MOMENT

COEFFICIENTS WITH REFERENCE POSITION

ABSTRACT

The variation of the aerodynamic force and moment coefficients
with change in the reference position are derived and given in both
the Ballistic and the Aerodynamic nomenclature. Also given is the
association between the Ballistic and Aerodynamic coefficients for
configurations having trigonal or greater rotational symmetry and
mirror symmetry.
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INTRODUCTION

The variation of the aerodynamic forces and moments with change in
the reference position on a missile or the variation of the aerodynamic
forces and moments with center of gravity position on two missiles hav-
ing the same configuration and flying at the same Mach number and Reynolds
niumber, is given by Nielsen and Synge.l Hailperin2 has put these results
into Ballistic coefficient form. Kelley, McShane ard Reno give the varia-
tion in Ballistic coefficient form in their forthcoming book.4 This pres-
ent note is concerned :ith deriving the relations using standard aerody-
namic nomenclature and also ".ith shoing the association between the
Ballistic coefficients and modified aerodynamic coefficients for a con-
figuration possessing trigonal or greater rotational symmetry and mirror
symmetry

For the practical problem of determining the static and dynamic
forces and momentswhich act on a missile from free flight observations,
it is helpful and often necessary to know the variation of these forces
and moments with change in reference positions. It is, for example,
a standard procedure to launch two missiles with different center of
gravity locations but of identical configuration at the same Mach num-
ber and Reynolds number. The data obtained from the firings when
coupled with the relations to be rederived in this note yield aerodynamic
forces and moments which may not be readilZ obtained from a single flight,

THEORY

Basic Relations

For the derivation consider the orthogonal axis system fixed in the
missile and illustrated in Figure 1, where the x-axis is the principle
axis of mass symmetry of a missile and the y and z axes are normal there-
to and to themselves. The corresponding components of the linear veloc-
ity of the missile in space are given by u, v, and w, and the components
of the total angular velocity of the missile in space are given by p q9
and r. The components of the total aerodynamic force acting on the
missile are given by X, Y, and Z and the components of the total aerody-
namic moment acting on the missile are given by L, M, and N.

The fundamental equations for the association between the linear and
the angular velocity at two points on the missilets axis separated by
distance J. follow from the well known kinematics of a rigid body. The
linear velocities for two points are related by

u u p
v = v + q x 0 (1)
w w r 0

!5
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and the angular velocities for two points are related by

P P

Since the total aerodynamic force acting on the missile+ at a given
instant is independent of the refero'nce position selected on the missile,
the relation between the forces acting at an7 two points is given by

X X

Y Y z(3)
z Z

The total aerodynamic mont acting at any point is given by the moment
at the known point plus the change in moment which is given by the cross
multiplication of the force vector at the known point by the vector
distance between the two points, namely

L L X
M X + Y X0 (4.)
N N z 0

It is convenient, at this point, to introduce complex quantities which
combine the variables along the y and z axes. Accordingly, the pitching
and yawing angular velocities arc 7iven by the quantity

' q + ir (5)

and the cross velocities, v a:d w, in terms of the angle of attack and
the angle of yaw are given by

+ _ + ia (6)

where u Y7 v, w

From the above definitions, eq. (5) and eq. (6), and the basic rela-
ions, eq. (1) - eq. (h),the components along the missile axis and normal

thereto are given by

+ For convenience the starred quantities may be considered to refer
to any refernce position on the x-axis and the unstarred quantities
to refer to the center of gravity of the missile. The positive
direction is forward.
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FY+ iZj* E= + iz] (9)

[M +iN]=Lr4 + iN] -i [Y +iZ] (10)

u = u (II)

p -p (12)

X =X (13)

L* =L (lh)

Aerodynamic Force and Moment System

It is generally assumed 1,3,h that the aerodynamic force and moment
acting normal to the axis of mass syr-mmetry (x-axis) on a symmetric
missile+ is linear in and 92 . Accordingly the force and moment at
each reference point are given by

Y +iZ -a +b1 [Y + iZ] = a + b
(in)

M+iN - A + B' * i] = AV] = + B

where a, b, A_ B. a * b, A* and B are complex quantities.

Derivation of Basic Relations

First consider the force coefficionts Eqs (l1) are sibstituted
into eq. (9) yielding

a"* + b a + b?) (16)

and substituting eq. (7) and eq, (8)

(a*-a) + (b*"iaC- b)) 0 (17)

from which follows

-, ( 1 8 )

b b + i a (19)
U

+ i.e. A missile possessing trigonal or greater rotational symmetry and
mirror symmetry. 8



and in ermns of the real and imaginarj parts

a- a (20)

a2  a2  (21)

b b 1  a2  (22)

= b + - a (23)
2 2 U I.

The relations for the moment coeffici-ents follow in a similar manner,
Eqs. (15) are substituted into eq. (10) and then eq. (7) and eq, (8)
are substituted yielding

(A*-A + i/a) + (B*- i A"- B + ifb) 0 (24)

U

from which ol ow'

AI A - i Ya (25)

B /2
B .. a (26)

U. U

and in terms of the real and imaginaryr arts+

A1 A +a 2  (27)

A,-, A - 'ell (28)

2 f
B (29)

S B2 - .6 + I& A _ (30)

Variation of the Ballistic Coefficients With Refernce Position

In the Ballistic nomenclature++ the constants of eq. (15) are given

by 394

+ The subscript 1 refers to the real part and the subscript 2 refers to
the imaginary part of the quantity,

++ (Signs are obtained by considering that all the forces act ahead of
the center of gravity°)
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a = -pd 2 u2 K, + ipd 3 couK, (31)

b = pd4 co K . + ipd 3 uKs  (32)

A= -pd4 o u K T - ipd3 u2 Km (33)

3 = -pd 4 uK1 + ipd 5 ( YX (34)

How su7'st-it-ut."n eq. (31) - ea. ("I) Jnto oq, (27) - eq. (30) yields

L: K i ,T (35)

K* K, (36)

"S. (37)
KS=KS -7,,

d = 2 (DO)

J,, K KIT (3P)
KI,i K IK. - (40)K

iXT sT d , (h2)

K,*  KIT  (K K,, r ) + .

d..

Variation of the Aeroymramic Coefficients efeh ference Position

In an aerodjnami c noenclature the constants of eq. (15) are eJiven by

7 1VS C', (41h3)
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b CPV 5 + i CFAT ' 2 S9 (4I4)

V~) PV2 S c i C pV c

cP, pV S c - iC 1 I P) eNT ) 1 2VSc (6

c c (47)

pp

C* C Q48

c~~ C1 c (2

c :; -= a. c +( c af (53)

c' =0 + c C 2 (54)
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ASSOCIATION OF TiE AERODYNAIC COEFFICIENITS

AD TIE BALLISTIC COEFFICIETTS

The association of the Ballistic coefficients and the Aerodynamic
coeffici.:nts for missiles having trigonal or fg reater rotational syruietry
and mirror symmetry follows from eq. (31) - eq. (34) and eq. (43) - eq.
(46) and are given below.

()C,, CZ  = -C.. (56)_+ 'r, + 'S PIG , Qa

+KX d +( S CZpr C (57)P- ) c' p. pcq

( 1(.dV + 3s (+ 0 zq = Cyr(7 (58)

H ) C- +T K ) 7m c ( ( 9

pr3 p

.1s C 4 ( C (b(5

K (6c)

( C1. Kx 8L> C p 4c p () (62)

P 2

The signs in the parentheses preceding the Aerodynamic coefficients are
those which the coefficients have for the case when all the forces act
behind the center of gravity of the missile.
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The coefficients in the second column are standard ballistic nomenclature
2, 3,4 lad e.d

Those in the third and fourth columns are standard aerodFnamic
nomenclature (See Figure 1). Since there is not a one to one corres-
pondence between the ballistic and aerodynamic nomenclature the suggested
new nomenclature of the first column might be convenient.

John D. Nicolaides

13



EFZRENCES

l. K. L. Nielsen and J. L. Synge, "On The :Motion Of A Spinning Shell",
Quarterly of Applied Mathematics, Vol. IV No. 3, Oct.

2. Theodore Hailperin, "Aeronautical Study of Spinner Rocket Models",
Ballistic Research Laboratories - Report No. 572, Sept. 1945.

3. J. L. Kelley and E. J. McShane, "On The Motion Of A Projectile With
Small or Slowly Chaning Yaw", Ballistic Research Laboratories
Report h6, Jan. 1944.

4. J. L. Kelley, E. J. McShane, F. Reno A forthcoming book on
Exterior Ballistics.

14



DIS'RIlUTIOI LIST

E 0. o f N
Copies Organization Nop ofCopies Organization

4 Chief of Ordnance Prof. Garrett Birkhoff
Departmeont of the ArV. 21 Vansor Building
Washington 25, D. C. Harvard University
Attn: ORDTB - Dal Sec Cambridge 38, Mass.

sBritish - ORDTP for Prof. Edward J. cShane
Distribution Department of

, .oMathematics
2 Canadian Joint Staff -Maniesi s

ORDTD~.... frDsrbtoUnversit.y of Virginia
Charlottesville, Va,

Chief, Bureau- of Ordnn;cm 1 Prof . Jon L. Kelley
Department of the Flavr Drtmen o1 b ,sh i g t o 2 ,q D . C oD e p ar t m e n t o f
WAshingtn 25, B. C. Hat!matics
Attno Re3 Tulane University

1 Commander I'le-i Orleans, Lou-siana
Naval Proving Ground 1 Lr A uckett
DahVgren, Virginia :IuEhos Aircraft Company

2 Chief of Naval Research Florence Ave., at

Technical Information Division Teat St.
Library of Congress Culver City, Calif.
Washington 25, D C. 1 Prof. Howard W. Emmons

Graduate School of0 Director
Armed Services Technical Engineeri ng

Information Agency Harvard University
Documents Service Center Uamoridce 3 , T'ss.
U. B Building Dr. P. P, PorterDayton 29 Ohioi DrDoP ote

Daytn 2,OhioGeneral ElectricAttn2 DSC - SA
Co'pany

1 River Road,-
Parts A, C, and DA of GM/', NSo.cherectad Sch ;necta,:-ly, -:ei,.- York

1 Dr. H. L. Dryden
Director of Aeronautical Research Dr. H. E. Bolz
N-,ational Advisor Committee for Case Institute of
Aeronautics Techrnologr

Uashington 2$, B C. Universityr Circle
Clevelan-, Ohio

Prof. Francis H. Clauser
Department of Aeronautics 1 Ir. Edard ClarkThe Johns H-okinsUieit Sandia Corn oration
Baltimore 1p, s University Alburquer-4ue, N.H.

Baltmore18, Maryland

Dr. A. C. Charters
National Advisory Committee

for Aeronautics
Ames Laboratory
Moffett Field, California

1$


